Abstract-Some discrete event systems such as software are typically infinite state systems, and a commonly used technique for performing formal analysis such as automated verification is based on their finite abstractions. In this paper, we consider a model for reactive untimed infinite state systems called input-output extended finite automaton (I/O-EFA), which is an automaton extended with discrete variables such as inputs, outputs, and data. Using I/O-EFA as a model many valuepassing processes can be represented by finite graphs. We study the problem of finding a finite abstraction that is bisimilar to a given I/O-EFA. We present a sufficient condition under which the underlying transition system of an I/O-EFA admits a finite bisimilar quotient. This sufficient condition is existential as it relies on the existence of a suitable partition of the state space. We then identify a class of I/O-EFAs for which a partition satisfying our sufficient condition can be constructed by inspecting the structure of the given I/O-EFA.
I. INTRODUCTION
In recent years there has been extensive research on symbolic modeling and automated verification of infinite state systems. Examples of symbolic models for untimed discrete event systems include symbolic transition graph (STG) [4] and its extension STGA (STG with assignment) [7] , and extended finite state machines (EFSMs) [3] . These models are extensions of automata through incorporation of variables and possess an underlying infinite transition system such as those categorized in [6] . Further these models can be regarded as a special type of hybrid automata [5] with no continuous dynamics (i.e., flow rate of each variable is zero). Untimed infinite state systems deserve a separate attention since a considerable class of software systems can be viewed as consisting of a finite control component and infinite (integer-valued) data component, such as communication protocols, counters, queues, buffers, stacks, parameterized systems (e.g., N -philosophers, N/M readers/writers), mobile networks, etc. Such systems evolve data values from a potentially infinite domain and as a result possess an infinite number of different states.
Verification methods such as model-checking have been invented for the analysis of finite state systems. An important This work was supported in part by the National Science Foundation under the grants NSF-ECS-0218207, NSF-ECS-0244732, NSF-EPNES-0323379, and NSF-ECS-0424048.
technique for verifying an infinite state system is its reduction to an equivalent finite state system through abstraction [8] . An abstraction is exact when the abstracted system is bisimulation equivalent to the original system. Approaches to obtain exact finite abstractions have been pursued for timed systems [1] , for linear and nonlinear systems [9] , and for hybrid systems [2] .
In this paper, we consider a model for reactive untimed infinite state systems, called input-output extended finite automaton (I/O-EFA), which is an automaton extended with discrete variables such as inputs, outputs, and data, and study the problem of finding their exact finite abstractions. For I/OEFAs, besides the usual notion of bisimilarity, one can define a stronger notion, namely that of "late"-bisimilarity [4] , [7] . (In [4] , [7] , the term "early-bisimilarity" is used for what one would define to be bisimilarity for I/O-EFAs; we avoid using "early-bisimilarity" as that can create an illusion.) According to the usual notion of bisimilarity, a system can use its knowledge about the current input in choosing a transition to bisimulate a transition of another system, whereas in the "late" setting the input is read only after choosing a transition for bisimulating a transition of another system. In general, the problem of finding a finite quotient that is bisimilar to an I/O-EFA is undecidable. We present a sufficient condition under which an I/O-EFA admits a finite bisimilar quotient. The sufficient condition we present is for the existence of a finite late-bisimilar quotient, and by virtue of late-bisimilarity being stronger than bisimilarity, it also serves as a sufficient condition for the existence of a finite bisimilar quotient. The condition we present is existential as it relies on the existence of a suitable partition of the state space. Next we identify a class of I/O-EFAs for which a partition satisfying our sufficient condition can be constructed by inspecting the structure of the given I/O-EFA.
The problem of bisimulation-checking between infinitestate systems modeled as STGAs has been studied in [4] , [7] . The main goal of these works is to develop semialgorithmic approaches for bisimulation and/or model checking for infinite-state systems and not to identify a restricted subclass for which their algorithms are guaranteed to terminate. In contrast we present sufficient conditions under which an I/O-EFA with an infinite state space possesses a finite bisimilar quotient. Also [6] studies a class of systems called, symbolic transition systems (STSs), and reports a semialgorithm to compute a finite-index bisimulation relation by recursively performing a partition refinement. The semialgorithm terminates if and only if the STS possesses a finite bisimilar quotient. A difference between our work and that reported in [6] is that in [6] there is no notion of initial states and hence all states are reachable. We do have a notion of initial states, and so not all states may be reachable, and as a result the conditions we provide is only sufficient since the unreachable states do not have to satisfy any condition for a finite bisimilar quotient to exist. 
• L is the set of locations,
• E is the set of edges, and each e ∈ E is a 6-tuple, e = (o e , t e , σ e , G e , f e , h e ), where
• L 0 is the set of initial location, and ( d, u) ) to represent the update function of the ith data (resp., assignment function of the jth output). The edge enabling guard G e (D, U ) is a predicate over data and inputs. Sometimes we write "
U )} to be the predicate over data such that for any data satisfying this predicate the edge e is enabled on input u ∈ U . Functions f e and h e can naturally be extended to be defined over sets:
The semantics of an input-output automaton P can be understood as follows. P starts with an initial location l ∈ L 0 and an initial data value d ∈ D 0 . While at a certain state
An enabled transition can be executed. The execution of an enabled transition e at the state (l, d) causes P to transition to the location t e , the data value is updated to f e ( d, u) , and the output y = h e ( d, u) is produced. This cycle is repeated with the arrival of a next input.
Note that there is no requirement that data update and output assignment occur in the same transition (i.e., one or both functions can be identity), and so the model is powerful enough to capture both synchronous and asynchronous systems.
The following example illustrates the concept of an I/O-EFA.
Example 1: Consider an I/O-EFA P shown in Figure 1 . Figure 1 shows a part of the reachability graph of P , which can be seen to be infinite.
Remark 1: I/O-EFA model is more general than STG [4] and its extension STGA [7] . For doing a comparison here we follow our own notation. In a STGA, each edge is associated with a tuple 
III. BISIMULATION, TRANSITION AND QUOTIENT SYSTEMS
The section defines bisimilarity and late-bisimilarity for I/O-EFAs, the underlying transition system of an I/O-EFA, and a quotient system of a transition system. We assume, without loss of generality, that none of the transitions are labeled by . We introduce the following notations. , u, 3u
, u, 3u 
Definition 2: Given an I/O-EFA P , a simulation relation over its states is a binary relation
On the other hand, a late-simulation relation over states of
σ e 2 = σ e 1 := σ, and ∀ u,
A symmetric simulation (resp., late-simulation) relation is called bisimulation (resp., late-bisimulation) relation. Two d 2 ) ), if exists a bisimulation (resp., late-bisimulation) relation Φ such that ((l 1 , d 1 ), (l 2 , d 2 ) ) ∈ Φ. Two systems P 1 and P 2 are said to be bisimilar (resp., late-bisimilar) if exists a bisimulation (resp., late-bisimulation) relation Φ such that
Remark 2: The notion of late-bisimulation is strictly finer than bisimulation [4] , [7] . It follows that if a system possesses a finite late-bisimilar quotient, it also possesses a finite bisimilar quotient. For this reason we concentrate mainly on the late-bisimulation relation.
The next two definitions define underlying transition systems and quotient systems.
Definition 3:
} is its set of edges (transitions), S 0 := L 0 × D 0 is its initial states, and the remaining components in the tuple are the same as those in P .
Recall that a partition of a set S is a set C ⊆ 2 S of nonempty subsets of S such that all members of C are disjoint and C covers S. Also recall that an equivalence induces a partition. Given a partition of the set of states, one can obtain a quotient system as follows.
Definition 4: Given an I/O-EFA P and a partition C of the state set L × D, the quotient system of P with respect to the partition C is the transition system
The quotient system of P with respect to the partition induced by an equivalence "eq" over L × D is denoted P eq .
Example 2: Consider an I/O-EFA P shown in Figure 1 . The following sequence of executions exist in P: (A, (0, 0))
−→ (C, (1, 0) ) (3, 4) )
−→ (C, (3, 0) ) , (4, 4) ) . . ..
The reachability set of the underlying transition system P has infinitely many states (part of the reachability graph is shown in Figure 1) , and it possesses a finite bisimilar quotient such as one shown in Figure 1 (we formally establish this later in the paper).
IV. CONDITION FOR FINITE BISIMILAR QUOTIENT
An I/O-EFA possibly has infinitely many states and its reachability set can also be infinite (see for example the I/O-EFA shown in Figure 1 ). In order to be able to apply existing finite state system verification methods to a system modeled as an I/O-EFA, its underlying transition system should possess a finite bisimilar quotient. In general, the problem of finding a finite bisimilar quotient is undecidable. In this section, we present a sufficient condition under which P admits a finite bisimilar quotient.
Given an I/O-EFA, we can always partition its data space into a finite number of bounded and unbounded regions. Due to the countable nature of the data space, each bounded region contains a bounded number of data values. Our idea is to have a partition such that each unbounded region and each data value in a bounded region is its own late-bisimulation equivalence class. This will then ensure that the given I/O-EFA possesses a finite late-bisimilar quotient. For a finite partition of the data space to satisfy the above mentioned property, it should hold that for any input the data update (resp., output assignment) along any enabled edge map an unbounded region to either another unbounded region or to some fixed data value (resp., be identical over an entire unbounded region). This is stated in the following theorem. For the space consideration, its proof is omitted.
Theorem 1: Given an I/O-EFA P , it admits a finite late-bisimilar quotient if the data space D can be partitioned into a finite number of regions, Π 1 , . . . , Π n ⊆ D (where Π 1 , . . . , Π m are unbounded, and Π m+1 , . . . , Π n are bounded) such that
The sufficient condition given in Theorem 1 demands that for state (l, d 1 ) to be simulated by (l, d 2 ), each edge e 1 with o e1 = l be "simulated" by the same edge (e 2 = e 1 ) for all inputs u ∈ U such that G e 1 ( d 1 , u) holds. While this may look restrictive since the edge e 2 does not have to be the same as the edge e 1 , but it is not so for the following reason. Suppose e 2 can be chosen differently from e 1 , then we can refine the partition of the data space so that d 1 and d 2 are in two different partitions. Since there are only a finite number of edges, this refinement strategy will preserve the finiteness of the partition.
The following example illustrates Theorem 1.
Example 3:
We revisit the I/O-EFA P of Example 1 shown in Figure 1 . As mentioned earlier P has an infinite reachability set, a portion of which is shown in Figure 1 . Figure 1 also shows a partition of the data space D satisfying the condition of Theorem 1, where the members of the partition are as follows:
Let e 1 , e 2 and e 3 denote the edges from A to B, B to C and C to A, respectively. It can be seen from Table I that the sufficient condition of Theorem 1 holds (the entry "T " in column for h ei indicates that the third part of the sufficient condition holds True). It follows that P admits a finite bisimilar quotient; it is shown in Figure 1 , with the unreachable states omitted.
V. I/O-EFA SUBCLASS WITH FINITE BISIMILAR QUOTIENT
The condition of Theorem 1 for the existence of a finite late-bisimilar quotient is existential as it relies on the existence of a certain partition. In this section, we identify a subclass of I/O-EFAs for which a partition satisfying the sufficient condition of Theorem 1 can be constructed by inspecting the structure of a given I/O-EFA of the subclass. The subclass is obtained by imposing two conditions on the class of the I/O-EFAs. The first condition restricts the manner in which the transition guards are formed, and is specified by the following grammar.
where c is an integer constant (it can also be a rational constant but there is no loss of generality in restricting it to the domain of integers). According to the above grammar, an "atomic" guard is either a predicate over only the inputs, or it is a predicate over only the data and in which case it can be written as a single inequality constraint over one of the data components. A generic guard is a boolean combination of the atomic guards.
When guards are formed using the above grammar, there exists a natural partition of the data space into a finite number of regions. In order to define such a partition, we let d(i) max and d(i) min denote the largest and smallest integer against which the ith data variable is compared over all the max . This (≤ 3)-way partition of the domain of the ith data component naturally yields a (≤ 3 p )-way partition of the entire data space (recall p is the dimension of data space), only at most one of which is bounded.
Since each element within a bounded region is to be its own late-bisimulation equivalence class, for each d ∈ D we define its equivalence class, 
Define an equivalence class of
The following lemma states that the equivalence class of d is well defined. For the space consideration, its proof is omitted.
Lemma 1: Consider the definition of equivalence class
Remark 4: It can be verified that the total number of equivalence classes, i.e., |{ [ d] | d ∈ D}| is given by,
Also note that an equivalence class
) number of bounded equivalence classes, each one of which is a singleton. The remaining equivalence classes are all unbounded. We denote the set of all equivalence classes by D, and the subset of unbounded and bounded ones by D u and D b respectively.
The second condition given below imposes restriction on the data update functions and output assignment functions depending on the region of the partition where they are defined.
Condition 2: ∀ d, ∀e, ∀ u:
The first condition states that for each triple ( d, e, u) such that G e ( d, u) holds, i.e., the edge e is enabled, it holds that for all data in the equivalence class of d, (1) 
The following corollary follows from Theorems 1 and 2. Corollary 1: Given an I/O-EFA P satisfying Conditions 1 and 2, P admits a finite late-bisimilar quotient. It follows that P admits a finite late-bisimilar quotient even though the reachability set of P is infinite. The finite latebisimilar quotient system, restricted to the reachable part, is shown in Figure 2 .
VI. CONCLUSION
We considered a model of reactive untimed infinite state systems, called I/O-EFA, which is an automaton extended with discrete variables such as inputs, outputs, and data, and presented a sufficient condition under which such a model admits a finite late-bisimilar quotient (and hence also a finite bisimilar quotient as late-bisimilarity implies bisimilarity). This sufficient condition is existential as it relies on the existence of a suitable partition of the state space. We then identify a class of I/O-EFAs for which a partition satisfying our sufficient condition can be constructed by inspecting the structure of the given I/O-EFA.
If a given I/O-EFA fails to satisfy the Condition 1 or 2, then starting from the initial partition {[ d] | d ∈ D} one can apply a partition refinement algorithm, where the refinement will be done with the goal of satisfying the conditions of Theorem 1. Also relaxed versions of Theorems 1 and Corollary 1 may be developed to seek a finite bisimilar quotient of a given I/O-EFA.
